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Quantum mechanics (QM) is a great mathematical theoretical tool,
which is used to create original modern physical models, to
formulate hypotheses about physical laws that describe complex
real processes.
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Quantum mechanics (QM) is a great mathematical theoretical tool,
which is used to create original modern physical models, to
formulate hypotheses about physical laws that describe complex
real processes.

However, the QM tool itself cannot say what laws describe these
processes; this requires physical intuition and a long work of testing
many and usually false hypotheses.

Raimondas Ciegis Lecture 1



CONVENTIONAL COMPUTERS

Computers operate on the following principles:

» Binary logic: an elementary element can be only in two stable
states — 0 and 1.
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CONVENTIONAL COMPUTERS

Computers operate on the following principles:

» Binary logic: an elementary element can be only in two stable
states — 0 and 1.

» Such an element (bit) encodes one bit of information.

» Using two logical operations (gates) NOT and AND we can
implement any combinatorial algorithm.
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» The state of a bit can be measured without changing it (a soft
or arbitrarily gentle measurement).
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» The state of a bit can be measured without changing it (a soft
or arbitrarily gentle measurement).

» A bit can be copied as many times as needed to execute the
algorithm.
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» The state of a bit can be measured without changing it (a soft
or arbitrarily gentle measurement).

» A bit can be copied as many times as needed to execute the
algorithm.

» The total number of degrees of freedom for a system of n
individual bits is equal to 2n.
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» The state of a bit can be measured without changing it (a soft
or arbitrarily gentle measurement).

» A bit can be copied as many times as needed to execute the
algorithm.

» The total number of degrees of freedom for a system of n
individual bits is equal to 2n.

» Parallelism is proportional to the number of processes.
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LINEAR VECTOR SPACES

Let’s recall the definition of linear vector spaces. We consider
spaces of complex numbers.

Let's take n-dimensional column vectors (z,...,z,)".
Then we define the vector addition operation —
the sum of any two vectors is also a vector:
T T. T
(zi,--yzn)' + (A, o oyvn) =(zm+vay.yzntva)'.

Vector addition is commutative and associative.

Vectors can be multiplied by a constant a

a(zi, . zn)" = (az1,...,az0)".
There is a special zero vector 0:
(z1,.. 0 z0) T +0:=(21,...,22)".
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Given any vector Z, there is a unique vector (-Z) such that

Z+(-2)=0.

The distributive property holds:

z(A+B)=zA+1zB,
(z+w)A=zA+wA.
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Given any vector Z, there is a unique vector (-Z) such that

Z+(-2)=0.

The distributive property holds:

z(A+B)=zA+1zB,
(z+w)A=zA+wA.

We will use Hilbert linear vector spaces.

Thus the dot product of two vectors is defined
(Z,V):=2-V.
The length of the vector Z is defined by using the norm

1zl =(z-2)"2.
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The elements of a linear vector space do not necessarily have to be
classical vectors, it is only important to define the specified
operations for the selected objects.
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QUANTUM ALGORITHMS

» The basic element (vector) is a quantum bit — a (qubit).
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QUANTUM ALGORITHMS

» The basic element (vector) is a quantum bit — a (qubit).

> A qubit is an element of a linear vector space over complex
numbers |¢)) € C2. Due to Dirac they are called ket-vectors.
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QUANTUM ALGORITHMS

» The basic element (vector) is a quantum bit — a (qubit).

> A qubit is an element of a linear vector space over complex
numbers |¢)) € C2. Due to Dirac they are called ket-vectors.

We represent a qubit |¢)) as a linear combination
(superposition) of two basis states |0) and |1):

V) = ag[0) + a1 1),

where o € C are complex numbers and satisfy the
normalization condition:

lag|? + |eu |* = 1.
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It is often convenient to write these two basis ket-vectors
|0) and |1) as ordinary column vectors:

0= w-()
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n QUBIT SYSTEM

n qubit system is defined using a tensor product of basis qubits

{|1/)1>®W2>®---®|1l)n> }a ¢k€{071}'

so the number of degrees of freedom is equal to N = 2".
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n QUBIT SYSTEM

n qubit system is defined using a tensor product of basis qubits

{ln) ®l2) - @ln) }, v € {0,1}.
so the number of degrees of freedom is equal to N = 2".

It is convenient to represent a ket |A) by the column of complex
numbers
-
|A) == (a1 a2 -+ apn)'.

Shortly we will see how components a; can be calculated.
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For every ket — vector |A) , there is a bra — vector in the dual
space, denoted by (A

The corresponding bra — vector (A| is represented by the row

(Al:= (o1 a3 -+ ap).
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For every ket — vector |A) , there is a bra — vector in the dual
space, denoted by (A

The corresponding bra — vector (A| is represented by the row

(Al:=(a1 a3 -+ ay).

Inner product

The inner product is always the product of a bra (B| and a ket |A)

and is denoted this way
(BIA) .
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For every ket — vector |A) , there is a bra — vector in the dual
space, denoted by (A

The corresponding bra — vector (A| is represented by the row

(Al:=(a1 a3 -+ ay).

Inner product

The inner product is always the product of a bra (B| and a ket |A)

and is denoted this way
(BIA) .

In the concrete representation of bras and kets by row and column
vectors, the inner product is defined in terms of components

(BIAY .= i a1+ [0+ -+ + By an.
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Exercise 1. Using the definition of the inner product, prove
a)
((Al + (B]) |C) = (A[C) + (BIC).

b)
(A|A) is a real number.
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A vector is said to be normalized if it satisfies

(A|A) = 1.
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A vector is said to be normalized if it satisfies
(AJA) = 1.
Two vectors |A) and |B) are said to be orthogonal if

(A|B) = 0.
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Orthonormal Bases

It is very useful to construct an orthonomal basis

(1h: i=12,...,N},
(iliy=1, (li)=0, Vi#j

and use it to construct a representation of any vector |A)
Ay =1 1)+ a2 |2)+ -+ +an |[N).

where o are complex numbers. It is easy to see that components
aj can be computed as

aj = (j|A).

If vector |A) is normalized then

la1? +]aaf? + -+ |an? = 1.
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Let’s consider an example of two qubits, the expansion is defined as
1) = ago [00) + a1 [01) + a10 [10) + a1 [11),

where
|a00\2 + |Oé01|2 + |Oé10|2 + |()é11|2 =1.
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Let’s consider an example of two qubits, the expansion is defined as
1) = ago [00) + a1 [01) + a10 [10) + a1 [11),

where
|a00\2 + |Oé01|2 + |Oé10|2 + |()é11|2 =1.

The element simultaneously exists in all basis states |/).

Measurement

If we perform a measurement, then with probability || we will
obtain a value v, corresponding to the basis vector |k).

After the measurement, the state of the element changes to

) = [k)-
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Let’s consider an example of two qubits, the expansion is defined as
1) = ago [00) + a1 [01) + a10 [10) + a1 [11),

where
|a00\2 + |a01|2 + |0410|2 + |Oé11|2 =1.

The element simultaneously exists in all basis states |/).

Measurement

If we perform a measurement, then with probability || we will
obtain a value v, corresponding to the basis vector |k).

After the measurement, the state of the element changes to

) = [k)-

If we now perform the measurement again, we will get the same
value v, and the state of the element will not change anymore

) = [k)-
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It is clear that the state of the element does not depend on the
chosen basis, we can also take another basis

N
Wy => a; i), @¢€C,
j=1

only the probability of measuring one or another outcome changes.
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It is convenient to write the basis vectors in the form of column
vectors, e.g.

|00) = , 101) = . ]10) = , 11) =

O O O
O O = O
O = OO
= O O O
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It is convenient to write the basis vectors in the form of column
vectors, e.g.

|00) = , 101) = . ]10) = , 11) =

O O O
O O = O
O = OO
= O O O

If the basis vector system is fixed, then we also can write the state
of the system in column vector form

a1
wy = | 2

Qign

But we must not forget that it depends on the chosen system of
basis vectors.
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Linear operators

A linear operator between vector spaces V is defined by the linear
function M : V — V

M (Zanm) =S aM(i)

Here |v;) any vectors from V/, a; are complex numbers.
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Linear operators

A linear operator between vector spaces V is defined by the linear
function M : V — V

M (me) =S aM(i)

Here |v;) any vectors from V/, a; are complex numbers.

If we have two linear operators A: V — V and B: V — V, then
their composition is defined as follows

(BA)(Iv)) = B(A(]v))), [v) e V.
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Matrix form of linear operators

Let's consider a linear operator M and two vectors |A), |B).

We want to take the equation
MIA) = |B)

and write it in component form.

Suppose we have fixed the system of basis vectors
), j=1,...,N.

Then we will represent arbitrary ket — vectors |A) and |B) as sums
over basis vectors

N N
A= il 1B)=) 5 1)
j=1 j=1
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and plug both sums into M |A) = |B):

N N
STaM ) =S80
j=1 j=1

Finally we take the inner product of both sides with a particaular
basis vector (/|

(ifM])) e Z/BJ ilj) =

'MZ

Jj=1

The quantities
mjj = (if Mj)

are called the matrix elements, we get

N
E m,-jaj:ﬁ,', iZl,...,N.
j=1
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We can write this in matrix form (for N = 4):

my
maz1
m31
My

mi2
mz2
m32
my2

mi3
may3
ms3
ma3

mi4
mag
msyq
mag

and the classical matrix multiplication is used

mi
ma1
msz
ma

m ms
mpa  Mma3
ms32>  ms3
m42 M43

mig
may4
msq
v

a1
a2
as
o4
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We can write this in matrix form (for N = 4):

my
maz1
m31
My

mi2
mz2
m32
my2

mi3
may3
ms3
ma3

mi4
mag
msyq
mag

and the classical matrix multiplication is used

mi
ma1
msz
ma

or
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a1
a2
as
o4

mi> mi3 M4

maz M3 Mog

ms2 mM33 M34

Mgy  My3  My4
M|A) = |B).



As an example, let's take the popular linear operator

H10) = (|0>+\1>)

(|0> —11)).

%\

HI1) =

N

Then we get the following matrix

=504
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